The connection between the structure of the second order system describing the Euclidean sigma model equations associated with the generalized Weierstrass system and the possibility of the construction of some classes of solutions is discussed. It is shown using the conditional symmetry method that the Auto-Bäcklund transformation for the generalized Weierstrass system can be constructed. The permutability theorem for this Auto-Bäcklund transformation is formulated. New classes of non-splitting multi-soliton solutions are obtained through the use of the theorem of permutability.
Introduction to the Generalized Weierstrass System and Associated Sigma Model
The theory of surfaces has been an integral part of classical differential geometry, such as in the theory of immersions and deformations of surfaces. Mean curvature takes a special place among the characteristics of surfaces and their dynamics in many problems related to both mathematics and physics. B. Konopelchenko [1, 2, 3] has recently formulated the Generalized Weierstrass (GW) representation for constant mean curvature surfaces embedded in R 3 , and used it to study classical and quantum effects for strings. Stable classical configurations of strings is an important part of string theory. Based on the GW formulas, it has been shown [4] that one can represent the EulerLagrange equation for the Nambu-Goto-Polyakov action in a simple form. Common solutions of this equation and the GW system which provide surfaces in R 3 also describe classical configurations of strings. The world sheets, or space-time surfaces of strings generated by this action, can be described by means of the Gauss map for surfaces conformally immersed in Euclidean space. The use of the Gauss map makes the calculation of quantum effects induced by extrinsic geometry easier [5] . It should also be mentioned that the GW representation has many other uses such as considering surface waves, growth of crystals, deformations of membranes, dynamics of vortex sheets and, as well, many problems in hydrodynamics which are connected with the motion of boundaries between regions of differing densities and viscosities [6, 7, 8] . Recently, there have been a number of studies devoted to the application of the integrals over surfaces in the Willmore functional as well as to such diverse areas as gauge field theories [9] , quantum gravity [3] and statistical physics [7, 8] .
The generalized Weierstrass system for inducing constant mean curvature surfaces is described by the Dirac type equations
where ∂ = ∂/∂z and∂ = ∂/∂z. This system has been derived in [1] and is a starting point for our analysis in this paper. These constant mean curvature surfaces are obtained by the parametrization (z,z) → (X 1 (z,z), X 2 (z,z), X 3 (z,z) such that
First we note that a certain aspect of complete integrability of GW system (1) is related to the two-dimensional nonlinear sigma model [10, 11] . We define a new complex variable
If ψ 1 and ψ 2 are solutions of GW system (1), then the function ρ defined by (3) is a solution of the Euclidean sigma-model equations
Conversely, if ρ is a solution to (4), then the solutions ψ 1 and ψ 2 of GW system (1) take the form
Formula (5) can be identified with the stereographic coordinate representation of the stationary 2-dimensional Heisenberg model [12] [
where S is the spin matrix which belongs to the Hermitian space SU (2)/U (1). The matrix S in terms of ρ is given by
and in terms of the complex functions ψ 1 and ψ 2 by
It is well known [13] that the sigma model equations (4) can be obtained from an Euler-Lagrange equation if we take a Lagrangian of the form
Then the Euler-Lagrange equation yields
This equation is identically satisfied whenever the sigma model equations (4) hold.
System (1) admits several conserved quantities [2] . One of them is the conservation of current which is given by
Note that some classes of solutions to GW system (1) can be obtained directly by applying the transformation (5) to the solutions of the sigma-model equation (4) . A simple class of solutions of (1), corresponding to a holomorphic or antiholomorphic choice for the function ρ, lead to so called splitting solutions of (4), which satisfy ∂∂ρ = 0, and have been discussed in detail in [11] . In this case, the current J in (6) is identically zero. The paper is organized as follows. In Section 2, we explicitly construct the Bäcklund transformation for the GW system. Based on this Bäcklund transformation, we derive the explicit form of the theorem of permutability. Next, an example is presented, which illustrates how this transformation works based on a particular solution to the GW system. In Section 3, we present the construction of nonsplitting, multi-soliton solutions for which ∂∂ρ = 0 holds and consequently, the current J is a nonzero holomorphic function.
The Auto-Bäcklund Transformation for the Generalized Weierstrass System
We start our analysis by demonstrating a connection between the GW system and the Sh-Gordon type equation, and derive through this link the Auto-Bäcklund transformation (BT). It has been shown in [14] that system (1) can be decoupled into a direct sum of elliptic Sh-Gordon and Laplace equation. In fact, differentiating p with respect to z andz, we obtain
Changing the variables ψ 1 and ψ 2 in (1) to the new dependent variables p and J and using equations (7) and conservation law (6), GW system (1) assumes the decoupled form
If we introduce the new dependent variable ϕ = 2 ln p in equation (8) then we obtain an elliptic Sh-Gordon type equation of the form
We now apply the conditional symmetry method, developed in [15] , to equation (8) in order to construct the BT and to build N -soliton solutions. We subject equations (8) to the differential constraints (DCs) of coupled Riccati equations of the form
where the coefficients A i j are some functions of z andz which are to be determined. Then, for any holomorphic function J, the overdetermined system composed of (8) and (10) 
where the function q satisfies the elliptic Sh-Gordon equation (8) and λ is a complex constant.
Substituting (11) into (10), we have
Hence, for any holomorphic function J, there exists an Auto-BT, defined by first order DC's (12) , between the sets of solutions of system (8) . The arbitrary complex constant λ is called the Bäcklund parameter. In terms of the variables ϕ = 2 ln p and v = 2 ln q, the differential constraints (12) take the form
Taking the homogeneous coordinates φ 1 and φ 2 in (12), we get the linear spectral problem with spectral parameter µ
,∂J = 0, (13) where p = φ 1 /φ 2 . Note that for any holomorphic function J, the compatibility condition for (12) reproduces the system (8) in the variable q.
Application of the Theorem of Permutability
Now according to Bianchi [16] , we discuss the theorem of permutability for GW system (1). The Auto-Bäcklund transformation(12) can be written in the form
We introduce new dependent variables P = ln p and Q = ln q, in equation (14). Then we have
Two solutions (P 0 , P 1 ) can be linked through a Bäcklund parameter λ 1 using the first equation in (15) . The solutions (P 1 , P 12 ) of (15) can be linked in the same way through another value of the Bäcklund parameter λ 2 . Repeating this procedure with the parameters in the reverse order, namely λ 2 and λ 1 , starting from a solution P 0 we arrive at a solution P 21 of (15). The theorem of permutability states that P 12 = P 21 , which leads to the following relationship between these four particular solutions P 0 , P 1 , P 2 and P 12 of equation (15) . The first step gives
i . Adding equations (16), we have
The calculation that leads to (16) can be repeated with the same pair of spectral parameters, namely (λ 2 , λ 1 ) in reverse order. This leads to the sequence of solutions to (15) P 0 → P 2 → P 21 and the equations which result are given as follows
Adding equations (18), we obtain
Subtracting equations (17) and (19) we get the following expressions
2 )) = 0.
(20)
Next, requiring P 21 = P 12 and using a trigonometric identity we obtain the following formula
In particular, if J 1 = J 2 , then (21) can be simplified and this equation can be written as follows
We write expression (22) in terms of the original set of variables p i , where these variables are identified with the P i through the relation P i = ln p i for i = 0, 1, 2 and p 0 is identified with q which appears in (12) . Next we solve for p 12 , in terms of particular solutions p 1 and p 2 of (12) to obtain
Now let us discuss a simple example of a real solution of (12) which can be obtained directly by applying the transformation (23). One of the simplest solutions to GW system (1) is given by
From equations (1) and (6) we obtain the value of p = 1 and J = −1, respectively. Thus, we take p 0 = 1 to be the initial choice for q in the equations given in (12) , with J = −1, so that ∂q =∂q = 0. The pair of equations (12) can be easily integrated to obtain a solution for p, as follows
Let us choose (25) to be an intermediate solution of (12) and apply the theorem of permutability. The functions p 1 and p 2 which appear in (23) are obtained by taking λ equal to λ 1 and λ 2 , respectively. We have then
Applying the permutability theorem to these solutions given by (26), we obtain
where (11) based on the formula (27). This can be achieved if we take the Bäcklund parameters in (27) such that λ 1 λ 2 = 1 holds. Hence, we have obtained a real solution of (12) given by
4 Multi-Soliton Solutions
We now proceed to construct multi-soliton solutions to GW system (1) based on the nonsplitting class of solutions of (4) and obtained by exploiting the Auto-BT (12).
Algebraic multi-soliton solutions of the GW system
A particular class of rational solutions to the sigma model equation (3) is obtained by taking products of the fundamental solutions of the form
where the a j ∈ R and j = 1, · · · , N . Using transformation (5), we can find the corresponding solutions to GW system (1) and then use the so obtained functions ψ i to determine the expression for q. Once we have defined q, then from BT (12), we can calculate multi-soliton solutions. This leads us to the following algebraic multi-soliton solution of the GW system (1)
The corresponding current J is an entire function defined by
Another nonsplitting class of solutions to (1) can be obtained from the following rational solution of the sigma model equation (4) 
By exploiting BT (12), we obtain the explicit form of an algebraic multi-soliton solution of GW system (1)
where a k ∈ R. In this case, the current J takes the form
For the case N = 1, solutions (29) and (30) coincide. Using formula (2), the corresponding constant mean curvature surface is given by
Note that both of the above multi-soliton solutions admit N simple poles. Their topological charges [12] are the same
Periodic multi-soliton solutions of GW system
Finally, an interesting class of nonsplitting solutions to the system (1) can be obtained from the following periodic solution to the sigma model equation (4)
The associated periodic multi-soliton solution of GW system (1), obtained through the Auto-BT (12), takes the form
The corresponding J is an entire function given by
When N = 1, the associated surface can be computed from equations (2), namely
where u = exp(cos(z − a)) and v = exp(cos(z − a)) and it follows from these that X 1 and X 2 satisfy X 2 1 + X 2 2 = 1. Thus the corresponding surface describes a cylinder having X 3 as a symmetry axis. Note that by replacing the cosine function in (31) by sine, sinh or cosh functions, respectively, we can obtain another class of solutions of the sigma model equation (4) . Hence, similar classes of multi-soliton solutions to the one given by (32) of GW system (1) can be obtained from such a modified expression (31). For example, replacing cos by cosh in expression (31), the multisoliton solution has the following form
sinh(z − a j )|.
For N = 1, the associated surface obtained by using (2) is given by (33). As in the previous case, the corresponding surface descibes a cylinder with X 3 as a symmetry axis.
Final Remarks
In this short paper, we have shown that the theorem of permutability can be applied to the generalized Weierstrass system in order to construct nonsplitting multi-soliton solutions. The results of this study can be particularly effective in calculating solutions to the GW system. From these solutions, it is possible to derive explicit formulae for associated constant mean curvature surfaces embedded in R 3 . Recently, global properties of such surfaces in R 3 and the integrable deformation via the modified Veselov-Novikov equation has been extensively studied [17] . It has been demonstrated [1] that the Wilmore functional is invariant under such deformations.
It is worth noting that the treatment of the GW system proposed here can be extended with certain modifications, to more general cases of GW systems describing surfaces immersed in multidimensional Euclidean and pseudo-Riemannian spaces. Such generalization of the GW system has been recently introduced by Konopelchenko [18, 19] where, in particular, the explicit formulae for minimal surfaces immersed in four-dimensional Euclidean space R 4 and space S 4 have been derived. This analysis will be extended to these cases as the subject of our future work.
